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However, modelling these breaking waves requires DNS solving the Navier-Stokes equation and are very
computational heavy.

2D breaking wave with Navier Stokes

3D breaking wave with Navier Stokes Equations
Equations — 3 days on Cluster — 3 weeks on Cluster
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Why solving Navier Stokes %g v
- quations so slow?

Navier Stokes Equations (500k nodes) Boundary Equations (<1k nodes)

Fast

caIcuIatlorr
Air-water
interface

condition available for breaking waves

[But there is no suitable boundary
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A single case
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03 We aim to develop a new model

g —__DNS (OW3D-BSK) Simulation discovered by ML (in-progress)

0.25 Ne = — a)_p Ny — 1.62 * [abS(B) * 7796] —— PySR Discover Simulation - that:
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 QOverlooks bubbles and white
cap details

e Equation based numerical
simulation (white box)

* Very Fast (2 minutes on
desktop vs 3250 of core hours
on supercomputer)

* Mathematically interpretable

X [m] .

Directly applicable to various

* Only for 2d deep water spilling breakers so far scales of the wave .
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FNBC framework:
e =—=1n,u+ 1w+ 0(3)
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SciML discovered equation:

1, = —1.0587,u + 0.98w + 0(3)
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Breaking evolution

|

FNBC framework:
e =—=1n,u+ 1w+ 0(3)

4 A
SciML discovered equation:
g
Me =——"Tx + 1.6 abs(U)n, + 0(3)
p
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Residual is
reduced
significantly
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Non-breaking evolution FNBC & SciML:

P u terms & 1 terms
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Why the SciML uses surface

i elevation terms (1) only ?
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FNBC framework:
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Preliminary Results
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What makes a wave break?

How machine learning can snediignt on the
Jdnderlying physics of breaking waves
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Data used by Kepler (1618)
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|
Mean distance Period | g3

|
Planet 1= (10°° AU/day?) 1
to sun (AU) (days) IT I
I l Planetary system
Mercury 0.389 87.77 |7.64 |
I -
Venus  0.724 224.70 ||7.52 ! M
| —> 2
Earth 1 365.25 \7.50 ! mrw” = G—;
I T
Mars 1.524 686.95 :7.50 :
|
Jupiter | 5.20 4332.62 7.49 ! Newton's law of
Saturn | 9.510 10759.2 :7_43 : gravitation (published 1687)
Johannes Kepler Constant

(1571 - 1630)




SCIENCE OXFORD

Ihe Astropn yS cs Uata 1 i

A
o SDSS
o KechIgll >1.1 Exabyte
o DPOSS
o 2dF o
1000 +| o 2MASS
o GBT SKA
o~ GALEX
s ||o A GMT
GTC
o o VISTA ELT
o o HET T™MT
= o VLT
2 Jp KDUST
= o  Subaru +
us 500 =t{ o HUBBLE
o o Gaia Space
= ALMA
s 2 o ARECIBO T@?SCOPCS
: — / IXPE
EUCLID
Johannes Kepler ¥ y + ATHENA
(1571 - 1630) 100 -+ ' SkyMapper DR2 o
| PanSTARSS &
l 1
2020 2025 2030
Year 31




:Iﬁ DEPARTMENT OF 'L?F-H'?'
ENGINEERING e
SCIENCE OXFORD

Can we do better in obtaining physical
Insights from data after 400 years?
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New architecture based
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3D temperature data

Tomo-BOS setup

! §§§ Boussinesq
295 approximation
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neural network
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Whnat If the domain knowledge Is
insufficient?
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Knowledge discovery is the
process of directly mining
important internal principles
(i.e., governing equations) from
observations and experimental
data through machine learning.
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Symbolic Regression

scovery”

Trying to find analytical expressions of the dataset.
Prior works include Langley et al., 1980s; Koza et al., 1990s; Lipson et
al., 2000s etc.

Pool of Select Fittest: 1.15y + 0.86 x*
equations
1.15y + 0.86
Select an operation:
xx

Mutation or Crossover etc.

Sin x

x2y

New equations to replace old ones:
(1.15y) *

x + 0.86
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Symbolic Regression
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Wave Breaking

Wave breaking occurs where the wave e S — =
amplitude reaches the critical point that the e = e e
crest self- disassembled =

Wave Breaking on beach

* Renewable Energy e Carbon cycle
* Offshore wind -

* Wave energy Esqverter 7 : ‘/
Offshore floating sc“

.

Wave breaking

* Wave Breaking in Storm

Water
movement
enhancing gas
exchanges

Sequestration of carbon
in the deep cold waters
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However, modelling these breaking waves requires DNS solving the Navier-Stokes equation and are very
computational heavy.

2D breaking wave with Navier Stokes

3D breaking wave with Navier Stokes Equations
Equations — 3 days on Cluster — 3 weeks on Cluster
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Why solving Navier Stokes %g v
- quations so slow?

Navier Stokes Equations (500k nodes) Boundary Equations (<1k nodes)

Fast

caIcuIatlorr
Air-water
interface

condition available for breaking waves

[But there is no suitable boundary
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Soundary Conditions

Surface Elevation (n) Velocity in x and y direction (u , w)
Air Air
Air-water Watfarl
interface particles
\N M
Velocities
y Water Water

L=




O bJ e CJ[ \/ e ]D ENGINEERING [t

SCIENCE OXFORD

Simulate wave in time

Ni1ot2 - Change of n Ne2oe3: Change of i
between t, and t; between t; and t,
net=t n@t=t, n@t=t;

Governing Boundary Equation for Breaking Waves

Ne = N(U: Noo» Nxexer Wy Uy, W ,[.l)

/ \ Unknown right-hand side (RHS):

Time derivatives of generally, some spatial derivatives 7,
surface elevation n(x, t) etc, and parameters u
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e = =M
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\_ J
g Domain Knowledge SC|ent|f|c ML W|th PySR A
Fully nonlinear boundary conditions : Data Collection Nonlinear library Coefficient
Ne = U = S - [] Ozt;rr;::lsatlon
—Nu+w —9g Nx — ;Lxu - Wy W ——— M| =M e wy .. (u OB 1. "1>
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- J-} n(x, )| 2=y y
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Non-breaking evolution

SCIENCE OXFORD

Time derivatives of Spatial derivatives of
surface elevation surface elevation and

\ / velocities

Ne = —NxU + W+ Wy

. *Subscripts denote
1 and u are coupled in FNBC framework oartial differentiation
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Non-breaking evolution Wave breaking in progress

st
Time derivatives of Spatial derivatives of J Apply FNBC to

surface elevation surface elevation and breaking waves?

\ / velocities

Ne = —NxU + W+ Wy

!

n, = FNBC

SCIENCE OXFORD

*Subscripts denote
1 and u are coupled in FNBC framework partial differentiation
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Breaking evolution

LHS:
Time axis

f/ Tt

Space axis
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Breaking evolution

LHS: RHS:
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LHS:

Mt

/
/
/

-50
kpx

0

RHS:

N Knowledge

Breaking evolution

FNBC

-o0

Residual = LHS - RHS

Residual
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Residual: Difference between
two sides of the equation

-o0
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Breaking evolution

LHS: RHS: Residual = LHS - RHS Residual: Difference between
two sides of the equation
- My . - Residual
/ / For breaking evolution, we
6 // 6 6 observe some deviation
5 / 5 5 from the FNBC framework

at the breaking region.
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Non-breaking evolution Wave breaking in progress Non-breaking evolution

Navier-Stokes Equation

ne = FNBC Ne = N, Mo, Wy Uy, W -+, 1) n, = FNBC
The deviation from /
FNBC should be small Ne = FNBC + N, 1, W, Uy, W=+, 1)
Governing Boundary Equation
Scientific ML with Symbolic Regression for Breaking Waves
Datasets Nonlinear library Coefficient ne = FNBC + N(TI. Ny Uy Uy, W=+, )
1T i [ﬁl Optimisation — , '

r\ Nel =0Mx Uy Wy o+ ar g ming . LY .
t & (1oma= ) Domain @- Breaking
\_/ +2, 1B 1y Knowledge " Correction
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Breaking evolution

A,

Based on the MSE error
calculation, the new SciML
discovered formulation can
reduce over 91% of the
residual!
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Mean Squared Error
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MSE = =) (¥ - ¥i)

i=1

DNS observed SciML/FNBC
value predicted value

The test dataset also shows
significantly reduction in the MSE.
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FNBC framework:
e =—=1n,u+ 1w+ 0(3)

r

SciML discovered equation:

1, = —1.0587,u + 0.98w + 0(3)
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Breaking evolution

|

FNBC framework:
e =—=1n,u+ 1w+ 0(3)

4 A
SciML discovered equation:
g
Me =——"Tx + 1.6 abs(U)n, + 0(3)
p
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Residual is
reduced
significantly
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Non-breaking evolution FNBC & SciML:

P — u terms & 1 terms
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N\ Maximum u 0.4
0.06 }
10.3
FNBC framework: 0.04. Maximum 7
N = —1n,u + 1w + 0(3)

0.02 ¢

n

4 A
SciML discovered equation:

-0.02 ¢
e = —1.0587,,u + 0.98w + 0(3)
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Terms with surface Terms with velocities
elevation
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are aligned 67
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Why the SciML uses surface

i elevation terms (1) only ?
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FNBC framework:
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